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Abstract
We construct a family of subalgebras of the Gerstenhaber algebra
of differential operators. The subalgebras are labeled by subsets of the
additive group Zn that are closed under addition. Each subalgebra is
invariant under the Hochschild coboundary operator.
The Gerstenhaber algebra of cochains of a commutative algebra was intro-
duced in [1]. It is equipped with two binary operations: a cup product⌣ and
a bracket [ · , · ]. Hochschild cocycles and coboundaries form subalgebras of
the Gerstenhaber algebra. Lie algebras of vector fields are subalgebras of the
Gerstenhaber bracket algebra of differential operators. These algebras play
an important role in deformation quantization of Poisson manifolds [2],[3],[4].
In this paper a family of subalgebras of the Gerstenhaber algebra of dif-
ferential operators is constructed. We find a commutative subalgebra that
splits the Gerstenhaber algebra into a direct sum of weight subspaces. The
weight subspaces are labeled by elements of the additive group Zn. The sub-
algebras are constructed as direct sums of weight subspaces. To each additive
semigroup ∆ ⊂ Zn we put into correspondence a differential Gerstenhaber
algebra C∆ with the Hochshild differential. Elements of ∆ define a grading
of C∆.
As an application of these results we consider deformation quantization
of R2. By using the Maurer-Cartan equation we show that if a Poisson
bivector belongs to an algebra (C∆, [ · , · ]), then higher order cochains of the
corresponding star product can be chosen from an ideal of this algebra.
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Let A be a space of real polynomials in xi, i = 1, . . . , n, A = R[x1, . . . , xn],
and let Cp = Hom(Ap, A), p ≥ 0. Cp consists of the operators of the form
ϕ =
∑
a0a1...ap
ϕa0a1...apx
a0∂a1 ⊗ . . .⊗ ∂ap ,
where ϕa0a1...ap are real constants, x
a = xa
1
1 x
a2
2 . . . x
an
n , a = (a
1, a2, . . . , an) ∈ Nn,
N is the set of nonnegative integers, ∂a = ∂a
1
1 ∂
a2
2 . . . ∂
an
n , ∂i = ∂/∂xi. For
u1, u2, . . . , up ∈ A
ϕ(u1, u2, . . . , up) =
∑
a0a1...ap
ϕa0a1...apz
a0(∂a1u1) . . . (∂
apup).
We set C =
⊕
p≥0C
p.
The cup product and the Gerstenhaber bracket on C are given by
ϕ ⌣ ψ(u1, . . . , up+q) = ϕ(u1, . . . up)ψ(up+1, . . . up+q), (1)
[ϕ, ψ](u1, . . . , up+q−1) =
=
p∑
k=1
(−1)(k−1)(q−1)ϕ(u1, . . . , uk−1, ψ(uk, . . . , uk+q−1), uk+n, . . . , up+q−1)−
−(−1)(p−1)(q−1)
q∑
k=1
(−1)(k−1)(p−1)ψ(u1, . . . , uk−1, ϕ(uk, . . . , uk+p−1), uk+p, . . . , up+q−1),
(2)
for ϕ ∈ Cp, ψ ∈ Cq. The cup product is associative. The bracket is a skew
multiplication satisfying the Jacobi identity, i.e. if ϕ ∈ Cp, ψ ∈ Cq, χ ∈ Cr,
then
[ϕ, ψ] = −(−1)(p+1)(q+1)[ψ, ϕ],
(−1)(p+1)(r+1)[ϕ, [ψ, χ]] + cycl. perm. (ϕ, ψ, χ) = 0. (3)
Let δ denote the Hochschild coboundary operator. It is defined by
δϕ(u1, u2, . . . , up+1) = u1ϕ(u2, . . . , uu+1)+
+
p∑
k=1
(−1)kϕ(u1, . . . , uk−1, ukuk+1, uk+2, . . . , up+1)+(−1)
p+1ϕ(u1, . . . , up)up+1.
(4)
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The differential δ can be written in terms of the bracket [ · , · ] as
δϕ = −[ϕ,m], (5)
where m(u1, u2) is the product u1u2 of elements u1, u2 ∈ A.
An algebra (A, [ · , · ], δ) is called a differential Gerstenhaber algebra [5].
In this paper by a differential Gerstenhaber algebra we shall mean an algebra
(A,⌣, [ · , · ], δ).
Lemma 1. If χ is a vector field, χ =
∑
i χ
i(x)∂i, ϕ ∈ C
p, ψ ∈ Cq, then
[χ, ϕ ⌣ ψ] = [χ, ϕ] ⌣ ψ + ϕ ⌣ [χ, ψ]. (6)
Proof. We have
[χ, ϕ ⌣ ψ](u1, . . . , up+q) =
=
(
χϕ(u1, . . . , up)
)
ψ(up+1, . . . , up+q) + ϕ(u1, . . . , up)
(
χψ(up+1, . . . , up+q)
)
−
−
q+p∑
k=1
ϕ(u1, . . . , uk−1, χ(uk), uk+1, . . . , up)ψ(up+1, . . . , up+q) =
=
(
[χ, ϕ] ⌣ ψ
)
(u1, . . . , up+q) +
(
ϕ ⌣ [χ, ψ]
)
(u1, . . . , up+q).
Vector fields hi = xi∂i, i = 1, . . . n, generate a commutative subalgebra
of (C, [ · , · ]),
[hi, hj ] = 0.
From (2) we get
[hi, xa0∂a1 ⊗ ∂a2 ⊗ . . .⊗ ∂ap ] = (ai0 −
p∑
s=1
ais)x
a0∂a1 ⊗ ∂a2 ⊗ . . .⊗ ∂ap .
Let Ca be a subspace of C, spanned by the cochains
xa0∂a1 ⊗ ∂a2 ⊗ . . .⊗ ∂ap
with a0 −
∑p
s=1 as = a, p ≥ 0.
Theorem 1. Let C∆ =
⊕
a∈∆ Ca, where ∆ ⊂ Z
n is an additive semi-
group. Then (C∆,⌣, [ · , · ], δ) is a differential Gerstenhaber algebra.
This result follows from the following Lemma.
Lemma 2. If ϕ ∈ Ca, ψ ∈ Cb, then
ϕ ⌣ ψ ∈ Ca+b, [ϕ, ψ] ∈ Ca+b, δϕ ∈ Ca.
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Proof.The first two statements follow from identities (3) and (6) with χ =
hi. For ϕ ∈ Ca (5) implies δϕ ∈ Ca, since m ∈ C0.
Proposition 1. (i) For any r ≥ 1 I
(r)
∆ =
⊕
a1...ar∈∆
Ca1+...+ar is an ideal
of C∆.
(ii) I
(r)
∆ = C∆ if and only if ∆+∆ = ∆.
Proof. (i) follows from Lemma 2. In order to prove (ii), we observe that
∆ + . . .+∆︸ ︷︷ ︸
r
= ∆ if and only if ∆ + ∆ = ∆.
Proposition 1 states, in particular, that if ∆ + ∆ 6= ∆, then I
(r)
∆ , r ≥ 2,
is a nontrivial ideal of C∆.
Define maps θi : C → C, i = 1, . . . , n, by
θiϕ = (−1)
aiϕ
for ϕ ∈ Ca. For a multi-index I = (i1, . . . , ir), θI will stand for θi1θi2 . . . θir .
From the relation C =
⊕
a∈Zn Ca and Lemma 2 it follows that for any
1 ≤ r ≤ n, θI is an involutive automorphism of (C,⌣, [ · , · ]). Let
C+I = {ϕ ∈ C | θIϕ = ϕ}, C
−
I = {ϕ ∈ C | θIϕ = −ϕ}. (7)
The space C+I can be represented as
C+I =
⊕
a∈ΘI
Ca,
where ΘI is a subgroup of Z
n, defined by
ΘI = {a ∈ Z
n | ai1 + ai2 + . . .+ air even}.
Then δC+I ⊂ C
+
I , by Lemma 2.
Let g be an algebra with an involutive automorphism θ. Recall that the
subset
l = {υ ∈ g | θυ = υ}
is a subalgebra which is called an involutive algebra (of involutive automor-
phism θ) [6]. The following is an immediate consequence of these results.
Proposition 2. C+I is an involutive differential Gerstenhaber algebra.
By using (7), we get
C = C+I ⊕ C
−
I ,
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C+I ⌣ C
+
I ⊂ C
+
I , C
+
I ⌣ C
−
I ⊂ C
−
I ,
C−I ⌣ C
+
I ⊂ C
−
I , C
−
I ⌣ C
−
I ⊂ C
+
I ,
[C+I , C
+
I ] ⊂ C
+
I , [C
+
I , C
−
I ] ⊂ C
−
I , [C
−
I , C
−
I ] ⊂ C
+
I .
Proposition 3. Let CH =
⊕
a∈H Ca, H ⊂ Z
n, and let C = CH ⊕ L.
Then
CH ⌣ L ⊂ L, L ⌣ CH ⊂ L, [CH , L] ⊂ L
if and only if H is a subgroup of Zn.
Proof. The space L is given by L =
⊕
a∈K Ca, K = Z
n \H. It is easily
verified that the relation H +K ⊂ K holds if and only if H is a subgroup of
Z
n.
Denote by Cab a subspace of C, spanned by the operators
xa0∂a1 ⊗ ∂a2 ⊗ . . .⊗ ∂ap , p ≥ 0,
with a0−
∑p
s=1 as = a, a0+
∑p
s=1 as = b. Let ≤ be a lexicographical ordering
on Zn. Then Ca =
⊕
a≤bCab. A lexicographical ordering on Z
n×Zn is defined
as (a, b) ≤ (a′, b′) if and only if a < a′ or (a = a′ and b ≤ b′). Let (J,≤) be an
additive ordered semigroup that consists of (a, b) ∈ Zn ×Zn, a ≤ b. Define a
space Sα by
Sα = Sab =
⊕
a≤d≤b
Cad, α = (a, b).
Proposition 4. The set (Sα, α ∈ J) is a filtration of (C,⌣, [ · , · ], δ).
Proof. From (1), (2) and Lemma 2 it follows that
Sα ⌣ Sβ ⊂ Sα+β , [Sα, Sβ] ⊂ Sα+β, δSα ⊂ Sα.
It is easily seen that
C =
⋃
α∈J
Sα, Sα ⊂ Sβ, α < β.
Hence the result.
This filtration can be used to define an algebra (S,⌣, [ · , · ], δ), that con-
sists of the elements of the form
∑
α∈J
ταvα,
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where τα = rasb, ra = ra
1
1 r
a2
2 . . . r
an
n , s
b = sb
1
1 s
b2
2 . . . s
bn
n , (ri, si, i = 1, . . . , n)
are indeterminates, vα ∈ Sα.
A star product on Rn is given by
f ∗ g = fg + π(f, g),
where the 2-cochain π = (t/2)π1 +O(t
2), t ∈ R, satisfies the Maurer-Cartan
equation
δπ =
1
2
[π, π]. (8)
Here π1 is necessarily a Poisson bivector. Let C∆ be as in Theorem 1.
Proposition 5. Let π = (t/2)π1 +
∑∞
k≥2 t
kπk be a solution to (8) in the
case of R2. If π1 ∈ C∆, then πk, k ≥ 2, can be chosen from I
(2)
∆ .
Proof. Eq. (8) can be expressed by an infinite set of relations
δπk = Bk, k = 1, 2, . . . , (9)
where
Bk =
1
2
∑
i+j=k
[πi, πj ]. k = 1, 2, . . . (10)
Assume that πi ∈ I
(2)
∆ , i ≤ k − 1, have been constructed. It is directly
verified that δBk = 0 [3]. Therefore, in the case of R
2 the 3-cochain Bk is
a coboundary, Bk = δXk [7]. This means that (9) possesses a solution. Eq.
(10) implies Bk ∈ I
(2)
∆ . From this and Lemma 2 it follows that πk = Xk+Υk,
where Xk ∈ I
(2)
∆ , Υk ∈ Ker δ. On R
2 one can put Υk = 0.
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